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ABSTRACT
A family of infinite measure preserving odometers is presented which
exhibit examples of p-recurrent but not p + l-recurrent ergodic transfor-
mations for every p > 1.

Introduction

Furstenberg, using ergodic theory, gave a new proof of Szemerédi’s Theorem [15],
which says that every sequence of integers of positive Banach density contains
arbitrarily long arithmetic sequences. He did this by showing that Szemerédi’s
theorem was equivalent to Furstenberg’s multiple recurrence Theorem; see [7]
where he proved that every finite measure preserving transformation is multiply
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recurrent. However, we show that for infinite measure spaces the situation is
different. It is possible for an ergodic measure preserving transformation on an
infinite measure space to be multiply recurrent or not. Furthermore, for every
p > 1 we will demonstrate the existence of ergodic, infinite measure preserving
transformations which are (p — 1)-recurrent but not p-recurrent.

The examples we construct will be members of a class of infinite measure pre-
serving odometers. This type of construction has been studied by many authors
([1], [2], [9], [10], [12], [11], [13], [14]). In general a nonsingular product measure
is given for the odometer and it is then proven that there exists an equivalent
infinite invariant measure. This is done by analyzing either the ratio set (for
example see [2]) or by showing the Radon—Nikodym derivative is 1 on an induced
set (for example, see [1] and [13]).

The odometers

In this section we present the basic notation and construction of the transfor-
mations. It is easy to view these as rank-one transformations built by a cutting
and stacking method as in Friedman [6]; however, we prefer to present them as
odometers. Each odometer T will depend upon a sequence M of positive inte-
gers, M = {m; > 2| i > 0}, and will be ergodic and infinite measure preserving.
We exhibit a close connection between the multiply recurrent feature of T and
the boundedness of a subsequence of M; see the Theorem below. This explains,
with respect to multiply recurrence, the unusual behavior of these odometers.

Let M = {m; > 2| i > 0} be a set of integers, and for each i = 0,1,2,... let
(76,0, Mi,15- - - Mims—1) be a set of m; positive numbers with ZOSKW M,; = L.
In this article we choose the numbers 7; ; such that if ¢ is an even integer then
;5 = 1/m; for all 0 < j < m;, and if 7 is an odd integer then n; o = 7; for some 7;
with 0 <n; <1,and n;,; = (1 —9;)/(m; — 1) for 0 < j < m;; we also require that
the numbers 72441 > 0 for £ > 0 are such that [, mk+1 = P > 0. For each
i > 0 we consider the finite measure space (Z;, B;, /.l,i)—, where Z; consists of the m;
points {0,1....,m; — 1}, B; is the set of all subsets of Z;, and the measure y; is
defined by ;(j) = m;,; for 0 < j < my. It follows that (Z, B, 1) = [[;50(Zs, Bs, ps)
is a finite measure space with p(Z) = 1. -

We eliminate from the set Z the countable set of points

U{(mo,xl,,...) € Z| z; = 0 for all i > k}
k>0
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and
U{(moaxlaa”-)ezl z; =m; — 1 for all i > k},
k>0

and denote the resulting space by Z again. For a point ¢ = (zg,21,...) € Z
and for i > 0, we shall say that x; is the i-th coordinate of z. We let T be the
usual dyadic adding machine defined on Z. Namely, we let the operation + in
Z be addition (mod m;) in each i-th coordinate together with the appropriate
carry, and for z € Z we define Tz = « + e where e = (1,0,0,...). It follows that
the transformation T is a 1-1 non-singular transformation defined on the finite
measure space (Z, B, p).

Next we let Xo = {(z0,1,...) € Z| 22541 = 0 for all § > 0} and let X =
Uis>o T Xo. It is clear then that X is an invariant set under the transformation
T. We also note that u(Xg) = P (= [1i>0 M2k+1) and p(X) = 1. In other words,
the measure p lives on the invariant sp';ce X. Therefore, we abandon the space
Z and consider the non-singular transformation 7' to be defined on the finite
measure space (X, B, i), where B and p are the measurable sets and the measure
induced on the set X, respectively.

The following Proposition 1 follows from the work of a number of authors as
stated above.

PROPOSITION 1: The transformation T is ergodic on (X, B, 1), and there exists
an infinite invariant measure m defined on (X, B) which is equivalent with the
measure .

For a given sequence of integers M = {m; > 2} we shall refer to the er-
godic measure preserving transformation T constructed above on the infinite
measure measure space (X, B,m) as an odometer associated with the sequence
M. When m; = 2 for all ¢ > 0 then the transformation T is isomorphic to the one
constructed in [8].

Properties of the sequence M and the transformation T

The sequence M = {m; > 2} of integers that was used to define the measure
space (X, B, m) and the odometer T' associated with it possesses some number
theoretic properties. The sequence M also imposes some important geometric
restrictions on the transformation T'.

Let us define the sequence {M;| i > 0} by My = 1 and M; = m;_1M;_; for
i>0. Welet N={0,1,2,...}; it follows that every integer n € N has a unique
representation as a finite sum of integers of the form n; M; with 0 < n; < m;. In
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other words, n = 3, ., miM;, such that for some k = k(n) > 0 we have n; = 0
for all 7 > k, and 0 < n; < m; otherwise. We shall write this representation of
n € N as n = (ng,n,...), and call it the M-adic representation of n, and refer
to n; as the i-th coordinate of n for ¢ > 0. We shall denote by orda{n) the
smallest non-negative integer ¢ for which the ¢-th coordinate of n is greater than
0; for the integer 0 we shall say that ord(0) = oo.

For a subset A C N let us denote 4 — A ={n € N|n=a~d for a,a’ € A},
and let IP{A} be the set of all integers that are sums of finite subsets of A. In
this note we shall assume that 0 belongs to every IP set.

In N let us consider the two subsets £ = IP({J, - o{max —1 copies of My }) and
F =IP(Ui>o{mar+1 — 1 copies of Magyq}). Tt follows that £ @ F = N, where
by £® F we mean {e+ fle € £, f € F} such that if e+ f = ¢/ + f’ then e = ¢’
and f = f’; see [3]. We note that ord(n) is an even integer for every n € £ - &,
and ordaq(n) is an odd integer for every n € F — F. Thus, the sequences £ and
F (the odd and even parts of M) exhibit complementing or dual properties as
subsequences of N. In a similar way, we show that these sequences exhibit dual
geometric (wandering and recurrent) properties of the transformation 7.

We state the following Proposition without proof. The proof is straightforward;
see [5].

PROPOSITION 2: Let (X, B, m) be the o-finite measure space and T the ergodic
measure preserving odometer associated with the sequence M = {m; > 2}.
Then for the subset Xo C X and the set of integers F described above we have
X — Uféf TfXO

Another way of stating Proposition 2 is: the set Xy is an exhausting weakly
wandering set for the odometer transformation T under the sequence F (see [5]).
We note that the sequence F is related to the ‘odd-indexed’ subsequence of M.
In the next section we consider the ‘even-indexed’ subsequence of M.

The sequence M and multiple recurrence

Definition: Let p > 0 be a positive integer. The transformation 7" defined on
the measure space (X, B,m) is said to be p-recurrent if for any measurable
set B € B with m(B) > 0 there exists a positive integer n > 0 such that
m(BNT"BN---NTP"B) > 0. The transformation T is said to be multiply
recurrent if T is p-recurrent for every p > 0.

We need to consider 2k-rectangles in the space X. For 2k > 0 let
(€0, €1,-.-,€26—1) be a set of 2k integers, such that 0 < e; < m; for 0 < j < 2k.
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Then a 2k-rectangle in X is the subset
leo, €15 - -, €2k~1] = {(z0, Z1,.. )|x; = ¢; for 0 < j < 2k, and z41 = 0,Vi > k}.

The 2k-rectangles in X approximate the subsets of X of finite measure.

THEOREM: Let T be the ergodic measure preserving odometer on (X, B,m)
associated with the sequence M = {m; > 2}. Then

(i) lim;_,eomag; = 0o if and only if T is multiply recurrent.

(ii) If im;_eoma; = p < 00, then T is (p — 1)-recurrent but not p-recurrent.

LEMMA 1: For k > 0 let R be the union of 2k-rectangles in X. Then for
any integer j with 0 < j < mog we have m(RNTM*R N ... N TIMxR) =
(1 = j/mak)m(R).

Proof: Let R be the union of 2k-rectangles in X for some & > 0. Then any
2k-rectangle [eg, ..., €61} in X splits into mok (2k + 2)-rectangles; namely,
o, - --,€2k-1,7,0] for 0 < 7 < mgg. Each one of these (2k + 2)-rectangles has
measure (1/mox)m([e, ..., €x—1]), and

TM2k[€0’ s 762’6—17/’710] = [607 sy €2k-1,T) + 170] for 0 S n < mok — 1.

Also, the set TM2¢[eq, ... €ap_1,mox —1,0] = [eg, . .., €2x_1,0,1] is disjoint from
any 2k-rectangle in X. B

LEMMA 2: Let x € X, and let n > 0 be a positive integer with orda(n) = r.
Then there exists an integer j with 1 < j < m,. such that T’z ¢ X,.

Proof: Let x € Xy, n > 0, and ordpq(n) = r. In the M-adic representation
of the integer n let us denote by s the 7-th coordinate of n. We note that
0 < s < m,, and for all i < r the i-th coordinate of n is 0.

Suppose ordaq(n) = r is an odd integer; then the r-th coordinate of Tz will
equal s > 0. This says that 7"z ¢ X3. Thus j = 1 in this case.

Therefore, we assume that ords¢(n) = r is an even integer. Let t equal the r-th
coordinate of the point z € Xp. It is clear that 0 < ¢ < m,, and the (r + 1)-th
coordinate of z equals 0. Let ¢ = the (r + 1)-th coordinate of n; it follows that
0<g<mpyr.

If 0 < ¢ < myy1 — 1, then since the (r + 1)-th coordinate of T"z is > 0, it
follows that T"z ¢ Xj, and thus j = 1.

Next we let ¢ = 0 and let j be the smallest positive integer such that ¢ + js >
m,. This will insure a carry to the (r+1)-th coordinate of the 77"(z). It follows
that 79" ¢ Xy, and 1 < j < m,.
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Finally, we let ¢ = myy1 — 1. If 1 + s < m, then T?"z ¢ X, for j = 1.
Otherwise, we let t, = t; + s — m, and note that 0 < t; < t;. It follows that if
ty + 5 < m, then Tz ¢ X, for j = 2. Otherwise, we let t3 = ¢2 + s — m, and
note that 0 < t3 < £5. We continue this way for at most m, steps and stop when
t; + s < m, for some j with 1 < j <m,. |

For the proof of the Theorem we need the following Corollary. It is a sharpened
version of Lemma 2, and is proven in a similar way. We omit its proof.

COROLLARY: For some integer ¢ > 0 let
V = {(zg,1,...) € Xo|z; = 0 for i < g}.

Let z € V, and let n > 0 be a positive integer with ordas(n) = r. Then there
exists an integer j with 1 < j < m, such that T'"z ¢ V.

Proof of Theorem: Suppose lim;_,oma; = 00, and let B € B be a set of positive
measure. Then for any integer p > 0 there exist arbitrarily large even integers
2k such that 1 — p/ma, > 1/p. By possibly considering a subset of B, we may
assume that 0 < m(B) < oo. Since the 2k-rectangles approximate the sets of
finite measure, it follows that there exists an even integer 2k > 0 and a set
R, which is the union of 2k-rectangles in X, such that m(RAB) < (1/p)m(R).
Lemma 1 then implies

m(RNTMx RN ... N TP DM R) = (1 — p/mop)m(R) > (1/p)m(R).

It follows that m(BNTM2xB ... NT®-DM2k B) > 0, and this shows that T is
(p — 1)-recurrent for any p > 0.

Next we let p = lim;_,0oma; < 00. Then there exists an integer ¢ > 0, and we
assume it to be even, such that msy; < p for all 2¢ > ¢. From the corollary to
Lemma 2 when orda(n) > g, it follows that if

V ={(zg,z1,...) € Xolz; =0for 0<i<q} and ze€V,

then there exists an integer § with 1 < j < p such that 79"z ¢ V. This implies
that VN TV N---NTP*V = P, which says that the transformation T is not
p-recurrent. In particular, T is not multiply recurrent.

Finally we show that the transformation T is (p — 1)-recurrent in this case.

We note that p > 2. Since p = lim; ,0omair1 < 00 it follows that there exist
arbitrarily large integers 2k > 0 such that mo, = p. Now let B € B be a set
of positive measure. Again we may assume that 0 < m(B} < oo, and choose a
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large integer 2k > 0 and a set R, which is the union of 2k-rectangles in X, such
that m(RAB) < (1/p)m(R). We let My =[], ;<94 m;; Lemma 1 then implies
m(RNTM:RN .- NT@®-VM:R) = (1/p)m(R). 1t follows that

m(BATMBN...nTE-UMpy > g,

and this shows that T is (p — 1)-recurrent. |
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